Given presentations
P, P' of two algebraic systems L and L' in terms of finitely many generators and relations, the isomorphism problem asks if it can be determined from P and P' whether or not L is isomorphic to L'. The main purpose of this note is to discuss some invariants of the isomorphism type of a Lie algebra L, which may be derived from any finite presentation of L, and easily used to distinguish between many different nonisomorphic algebras. The invariants are analogous to the elementary ideals and knot polynomials used in studying certain finitely-presented groups (cf. [3] ). They may be derived by associating (in a slightly unusual way) with finitely-generated presentations of an associative algebra A, certain ideals in its largest commutative quotient Ac. These ideals depend only on the isomorphism type of A, and are particularly amenable when Ac is a polynomial ring, a situation which frequently arises when A is the universal enveloping algebra of some Lie algebra L.
They may also be applied to special Jordan algebras, and, of course, to word problems for algebras.
I am indebted to the referee for a suggestion concerning the form of this paper.
1. Associative presentations. All algebras will be over a fixed commutative ring K with identity. Let <£ be a free associative, but noncommutative, algebra with identity on indeterminates Xi, • ■ ■ , xnDefine the free semiderivatives Di = DXi: <£--><£ to be the linear maps Proof. By the Tietze-Shoda theorem on presentations (cf. [2] , Chapter III), it is sufficient to show that the ideals are invariant under "Tietze operations" on the previous presentation P. To do this, first note that every element 5 of the ideal of <$ generated by rx, r2, ■ ■ ■ is expressible as a .A-linear combination of monomials of the form w = arjj or rjb (a, bE&); hence Dj(w) =0 orirDj(r%)-irb. Thus adjunction of s to P gives rise to a matrix "equivalent" to A(P) (cf. [3] ). Finally, suppose that a new indeterminate
x"+i and a new relator xn+i -u(uE$) is adjoined to P. Then the Alexander-Fox matrix of the new presentation has the form which is also "equivalent" to ^4(P). Iff: A->A' is an associative algebra isomorphism, it may be noted that (for each k) Ek(A)=Ek(A') under the induced isomorphism /*: Ac-*Ac. Ideals may also be defined for presentations of commutative associative algebras as quotients of polynomial rings. Now suppose that an associative algebra A be called "nice" if it is finitely presentable, K is a unique factorization domain, and Ae is a polynomial ring over K. Further, if .4 = UiL), then ir* defines a presentation P* of 4 as a quotient of the free associative algebra <!>= UiF), and a* coincides with the natural epimorphism A^>Ae. It follows that we may associate with P the Alexander-Fox matrix AiP*) over Z7(Z,0), and that this leads to elementary ideals EkiL) depending only on the isomorphism type of L. In addition, if the Lie algebra L is "nice", i.e. it is finitely presentable, K is a unique factorization domain, and L0 is a free 2v-moduIe, then A = UiL) is a "nice" associative algebra. Hence in this case we may associate with L invariant polynomials AkiL) depending only on the isomorphism type of L. and that L' has the presentation
Then L, and L', are both isomorphic to a 2v-module with free Kbasis {h, t2, h}. One has , x / 0 hhh -kt\\ AiP*) = ) and V2/a(l +t2) -tihh -hlj
Either case shows that L ^k L'.
It may be interesting to remark that the maps Dt\ F in U(F) are essentially functions which arise [5] , as natural analogues of the Fox derivatives, in the theory of extensions within varieties of Lie algebras. The corresponding maps in the next section are also related to extension theory.
3. Special Jordan algebras. Suppose that 2 is a unit in the ground ring K. Consider the previous free associative algebra 4>, and let <P+ be the Jordan algebra obtained by replacing the multiplication in €> by the product x o y = ^(xy+yx).
Let / be the corresponding free special Jordan algebra, i.e. the subalgebra of $+ generated by 1 and Xi, ■ ■ ■ , xn (cf. [6] , say).
If M is any Jordan algebra, let U,(M) denote the universal algebra for the special representations of M, i.e. the quotient of the tensor algebra with identity on the underlying module of M by the ideal generated by all elements of the form a ob -%(a®b-)-b®a) where a, bEM (cf. [4] , or [2] , Chapter VII). In particular, by the universal In particular, if A?" is a finitely-generated special Jordan algebra with an epimorphism ir: J^>N, then tt*: U,(J)-»£/,(N) defines a presentation of A = US(N) as a quotient of <P, and the ideal Ker ir* is finitely generated if Ker ir is. Thus, there exist elementary ideals of N in Ac which depend only on the isomorphism type of N.
